We give a further study on the improved soft-wall AdS/QCD model with two flavors. The chiral transition behaviors are studied in the case of finite chemical potential, with the chiral phase diagram obtained at zero quark mass. The thermal spectral functions of the vector and axialvector mesons are calculated, and the in-medium melting properties of the mesons are investigated. We find that the chiral transition behaviors and the meson melting properties at finite chemical potential can be qualitatively described by the improved soft-wall AdS/QCD model, except in the region of large chemical potential. The reason for these inadequate descriptions may be that the background geometry adopted in the model is not a dynamical one which is able to produce the QCD equation of state. To give a quantitative description for these low-energy phenomenologies, we shall consider a more consistent AdS/QCD model which treats the background fields and the chiral fields on the same footing.
I. INTRODUCTION
The issues on the strongly correlated quark-gluon-plasma (QGP) have been attracting a great deal of interest for the description of the low-energy properties of strong interaction. With the development of the collider physics and the powerful instruments for numerical computation, there have been many researches on the relevant properties of QGP. However, many puzzles remain to be solved to deep our understanding on the low-energy regime of quantum chromodynamics (QCD), which has motivated the development of various nonperturbative methods. Lattice QCD is a powerful tool from the first principle to look into the low-energy properties of QCD, yet this method can hardly address the issues with finite chemical potential due to the sign problem.
The anti-de Sitter/conformal field theory (AdS/CFT) correspondence builds a bridge between the type IIB superstring theory in AdS 5 × S 5 and the N = 4 super Yang-Mills theory on the boundary [1] [2] [3] , which provides us with another powerful method to treat the low-energy problems of QCD. In the holographic framework, we make use of a weakly coupled dual gravitational theory in the bulk to describe the strong-coupling properties of QCD at low energy, which is usually called AdS/QCD. In order to find a consistent quantitative description for the low-energy QCD, a large amount of works has been done in this field, ranging from the low-energy hadron physics to the thermodynamical properties of QCD .
There are mainly two approaches by which AdS/QCD is implemented. The top-down approach can give qualitative descriptions for certain low-energy hadron properties through the string-theoretic constructions with D-branes [4] [5] [6] , while the bottom-up approach focuses on the characteristic features of low-energy QCD to construct dual models which are able to describe various low-energy phenomenologies of QCD [7] [8] [9] [10] [11] . The hard-wall and softwall models are the typical ones in the bottom-up approach. The hard-wall model uses a sharp IR cut-off along the fifth dimension to realize the confinement [8, 9] . Although with a proper chiral symmetry breaking, the linear confinement property of the spectrum cannot be obtained from the hard-wall model. In the soft-wall model, the hard cut-off is replaced by an exponential depressing term of a dilaton field in order to produce the Regge trajectory of the spectrum [10] . Nevertheless, the original soft-wall model has no spontaneous chiral symmetry breaking [43] , which is a fundamental feature of low-energy QCD.
The issue of QCD phase transition has been addressed in many holographic works . The deconfining phase transition was argued to be a first-order Hawking-Page transition between the thermal AdS and the AdS/Schwarzschild black-hole geometries, and the deconfinement temperature in the original soft-wall model is close to the lattice result [44] . As the chiral condensate is naturally incorporated in the bifundemental scalar field of the soft-wall model, the chiral transition properties can also be studied in this type of models [43] . It has been shown that the chiral transition behaviors obtained from some modified soft-wall models are consistent with the standard scenario of QCD phase transition for both the twoflavor and the 2 + 1 flavor cases [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] . Another important aspect of low-energy QCD is about the in-medium properties of hadrons. The thermal spectral functions for both mesons and glueballs have been studied in the soft-wall model, and the meson melting properties such as the in-medium mass shift have also been investigated [18] [19] [20] [21] .
In Ref. [77] , we proposed a simply improved soft-wall AdS/QCD model with a running bulk scalar mass and a quartic action term of the scalar field in the two-flavor case. The light meson spectra and the chiral transition behaviors obtained from this model are consistent with the experiment data or the lattice results. Here we will give a further study on this improved soft-wall model in the case of finite chemical potential. The chiral transition behaviors and the melting spectral functions of the vector and axial-vector mesons will be investigated. Following the previous studies, we use the AdS/Reissner-Nördstrom (AdS/RN) black hole to describe the temperature and chemical potential effects.
The paper is organized as follows. In Sec. II, we outline the improved soft-wall AdS/QCD model. In Sec. III, we investigate the chemical potential effects on the chiral transition behaviors and obtain the chiral phase diagram in the chiral limit. In Sec. IV, we consider the in-medium properties of the mesons in the improved soft-wall model. The spectral functions of the vector and axial-vector mesons will be calculated in the case of finite chemical potential, and the meson melting properties will be studied. In Sec. V, we summarize the work and conclude with some remarks.
II. THE IMPROVED SOFT-WALL ADS/QCD MODEL

A. The action of the model
We first give a brief review of the improved soft-wall AdS/QCD model with two flavors which is proposed in Ref. [77] . The bulk action of this model can be written as
where the covariant derivative of the bulk scalar field is
with the gauge fields A M L,R in the representations of SU(2) L,R . The gauge coupling g 2 5 = 12π 2 Nc is obtained by comparing the holographic calculation for the two-point correlation of the vector current J a µ =qγ µ t a q with the QCD result [9] . The dilaton field takes the simplest form Φ(z) = µ 2 g z 2 to reproduce the Regge trajectory of the light meson spectrum [10] , and the quartic term of the bulk scalar field is crucial to generate spontaneous chiral symmetry breaking. One essential feature of this improved soft-wall model is a running bulk scalar mass with the form m 2 5 (z) = −3−µ 2 c z 2 , which is necessary for the realization of right chiral transition behaviors.
In Ref. [77] , we calculate the mass spectra of the pseudoscalar, scalar, vector and axialvector mesons which are compared with the experimental results. The chiral transition behaviors with zero chemical potential have also been investigated, and the model results are consistent with the lattice QCD for the two-flavor case [85, 86] .
B. The background geometry
As the interests of us here are the in-medium spectral properties of the light mesons and the chiral transition behaviors with finite chemical potential, we will take the AdS/RN black hole as the bulk background of the improved soft-wall model. This bulk geometry is the solution of the Einstein-Maxwell system with the prescription of the U (1) gauge field: A i = A z = 0, A 0 = A 0 (z) and the metric ansatz:
which yields (we will set the AdS radius L = 1 below)
where Q = q B z 3 h with q B denoting the charge of the black hole and z h being the location of the event horizon, and κ is a dimensionless constant which scales as √ N c (we will set κ = 1 for simplicity) [43] .
The chemical potential µ is determined by the condition A(z h ) = 0 as
and the Hawking temperature is defined as
III. CHIRAL TRANSITION WITH FINITE CHEMICAL POTENTIAL
A. The EOM of the scalar VEV
In the soft-wall AdS/QCD model, the chiral condensate, as the (approximate) order parameter of chiral transition, is implicitly incorporated in the UV expansion of the vacuum expectation value (VEV) of the bulk scalar field X . Thus, we first consider the scalar VEV part of the improved soft-wall model in order to study the chiral transition behaviors at finite µ. By convention, we define X = χ(z) 2 I 2 with I 2 denoting the 2 × 2 identity matrix. The action of the scalar VEV χ(z) can be read from the bulk action (1) as
from which the equation of motion (EOM) of χ(z) can be derived as
According to the AdS/CFT dictionary [9] , the UV asymptotic form of χ(z) can be obtained from Eq. (7) as
where m q and σ represent the current quark mass and the chiral condensate respectively, and ζ = √ Nc 2π is a normalization constant which is necessary for the correct N c scaling behavior of m q and σ [12] . There is also a natural IR boundary condition for Eq. (7) in order to make χ(z) regular near the horizon,
In the numerical calculation, we will take advantage of the identity χ (0) = m q ζ as the UV boundary condition, which follows from the UV asymptotic form (8) . With the given boundary conditions, we can solve Eq. (7) numerically and extract the value of the chiral condensate σ as functions of µ and T from the UV expansion of χ(z). Thus, we can investigate the chiral transition behaviors with finite chemical potential.
B. Numerical results
Now we conduct the numerical calculation to solve Eq. (7) with the following set of parameter values: m q = 3.22 MeV, µ g = 440 MeV, µ c = 1450 MeV and λ = 80, which has been shown to provide a good description for the mass spectra of the pseudoscalar, vector and axial-vector mesons and also the correct chiral transition behaviors for the two-flavor case with zero chemical potential.
First, we investigate the transition behaviors of the chiral condensate σ with the temperature T at four different chemical potentials in the case of m q = 0 MeV and m q = 3.22 MeV respectively. The numerical results obtained from the model are shown in Fig. 1 , where we can see that a second-order phase transition happens in the chiral limit, while it becomes a crossover transition when there is a nonzero quark mass. These chiral transition behaviors are consistent with the lattice QCD indications [86] . Furthermore, the (pseudo-)critical temperature T c deceases as expected with the increase of µ. We also find that the order of chiral transition will not change with the chemical potential µ in the improved soft-wall AdS/QCD model with two flavors.
We then investigate the chiral transition behaviors with the chemical potential µ at four different temperatures, which are shown in Fig. 2 . It can be seen that the dependences of σ with µ have the same qualitative behaviors as those shown in Fig. 1 . We plot the chiral phase diagram in the µ − T plane for the case of zero quark mass in Fig. 3 , where the critical temperature T χ is defined as the one at which σ declines to zero. As in the 2 + 1 flavor case [83] , we find that the second-order critical line descends too slowly at large µ, which indicates that this improved soft-wall model cannot be applied in the far regions of large chemical potential. Actually, as we know, the AdS/RN black hole adopted here is holographically related to a conformal gauge theory, whose properties are rather different from those of QCD without conformal invariance [50] . To introduce the temperature and chemical potential effects in a more reasonable way, we shall consider a dynamical background solved from an Einstein-Maxwell-dilaton system which breaks conformal invariance [53] .
IV. SPECTRAL FUNCTION OF THE (AXIAL-)VECTOR MESON
Now we consider the meson melting properties by looking into the spectral functions of the vector and axial-vector mesons. The gauge field sector of the bulk action (1) can be rewritten by the vector field and the axial-vector field with the definitions V = 1
where the field strengths of the vector and axial-vector gauge fields have the form:
A. The vector meson
We first consider the in-medium spectral properties of the vector meson, whose EOM can be derived from the variation of the action (10) with respect to V µ in the V z = 0 gauge, 
By performing the Fourier transformation
in terms of the source V 0 µ (p) and the bulk-to-boundary propagator V (p, z), and substituting the metric ansatz (2) into Eq. (11), we obtain the EOM of V (p, z) for the spatial part of the vector field,
with p µ = (ω, q 1 , q 2 , q 3 ) and q 2 = q 2 1 + q 2 2 + q 2 3 . To handle the above EOM conveniently, we apply the following transformation of the variables (note that we hide the momentum-dependence in v(u) for simplicity):
in terms of which Eq. (12) can be cast into the form:
with
The asymptotic solution of Eq. (14) near the horizon can be obtained as
where φ + represents the out-coming solution and φ − represents the in-falling solution. The UV asymptotic form of v(u) can also be obtained by the Frobenius method as 
where A, B are two arbitrary complex coefficients. In the numerical procedure, we set the coefficient A = 1 to fix the overall constant in v(u). The coefficient B can then be uniquely determined once the IR boundary condition of v(u) is specified. Previous works have provided a detailed analysis on the holographic computation of the Green's function in the Minkowskian space-time [87, 88] . According to Ref. [87] , the retarded Green's function corresponds to the in-falling asymptotic solution of v(u) with c + = 0 in (16) near the horizon. By imposing this IR boundary condition, we can solve Eq. (14) numerically, and extract the coefficient B(ω, q) as a function of ω and q. Following the prescription in Ref. [19] , we relate the retarded Green's function D R (ω, q) to the UV behavior of v(u) as
with the constant C = N 2 c /(64π 2 L). The spectral function of the vector meson can then be obtained by its definition as
The numerical calculations for the spectral function of the vector meson ρ v (ω, q) are presented in Fig. 4 , where we plot ρ v (ω, 0) as a function of ω at four different temperatures with µ = 0 in the upper panel. The peaks in ρ v (ω, 0) represent the resonance states of the vector meson. It is notable that the locations of the peaks coincide approximately with the radial excited spectrum of the vector meson calculated in Ref. [77] . We can see that the peaks in ρ v (ω, 0) disappear gradually with a width broadening as the temperature increases, until the last one for the lowest lying state becomes flat at some critical temperature, which conforms with the picture that the meson resonance states become unstable and melt gradually with the increase of T . We also find that the locations of the peaks shift slightly towards the left with the increase of T , which indicates a small mass shift of the in-medium vector meson. The spectral functions ρ v (ω, 0) at four different chemical potentials with a fixed temperature T = 15 MeV are plotted in the lower panel of Fig. 4 , where we find similar behaviors to those with a fixed µ which are shown in the upper panel, that is, the in-medium vector meson states melt gradually with the increase of µ.
We can also look into the in-medium melting properties of the vector meson states from another angle. In terms of the field redefinition V (z) = e (Φ−A)/2 f −1/2ṽ (z), Eq. (12) can be recast into the Schrödinger form:ṽ − U v (z)ṽ = 0 with the potential function
which should have the convex property to guarantee the existence of bound states for the vector meson. However, with the increase of temperature, U v (z) loses convexity gradually and eventually becomes monotonic at certain critical temperature T c , as shown in Fig. 5 , where we have plotted the curves of U v (z) at four different temperature T in the case of µ = 0 for the lowest lying vector-meson state with mass ω = 880 MeV and q = 0.
The critical temperature T c at which U v (z) becomes monotonic may be defined as the meson melting temperature. We compute T c at different chemical potential µ and obtain the µ − T c diagram, which is shown in Fig. 6 . It can be seen that the meson melting temperature T c decreases with the increase of the chemical potential µ, which bears a qualitative resemblance to the behavior of the chiral phase diagram presented in Fig. 3 . However, quantitatively, we find that the meson melting temperature (T c 58 MeV at µ = 0) is too small compared with the chiral transition temperature T χ and also the deconfinement temperature indicated by lattice QCD, which is a typical feature of the holographic calculations for the meson melting temperature based on the soft-wall AdS/QCD framework, as has been shown in many other previous studies [20, 79] . 
B. The axial-vector meson
Following the same procedure as that in the vector part, we now investigate the thermal spectral properties of the axial-vector meson, whose EOM can be derived from the variation of the action (10) with respect to the transverse component of the axial-vector field A µ⊥ in the A z = 0 gauge (we omit the symbol ⊥ for simplicity),
Moving to the momentum space with the Fourier transformation A µ (x, z) = d 4 xe ip·x A(p, z)A 0 µ (p) and substituting the metric ansatz (2) into Eq. (23), the EOM of the bulk-to-boundary propagator A(p, z) for the spatial part of the axial-vector field can be obtained as
Similarly, with the replacement of the variables:
Eq. (24) can be rewritten in the following form:
with l 1 (u) = k 1 (u) and
The IR asymptotic solution of Eq. (26) near the horizon has the form:
with φ ± (u) just the same as those in (17), while the UV asymptotic form of a(u) can also be obtained from Eq. (26) as
whereÃ andB are two arbitrary constants, andc l2 = 1 2 z 2 h q 2 − ω 2 + 4π 2 ζ 2 m 2 q . We only keep to the u 2 term in the asymptotic expansion (29) . As in the case of vector meson, we takeÃ = 1 to fix the overall constant of a(u).
To compute the spectral function of the axial-vector meson, we need the retarded Green's function which can be derived as
with C = N 2 c /(64π 2 L). As aforementioned, this corresponds to the in-falling IR asymptotic solution of a(u) withc + = 0 in (28) , which uniquely determinesB(ω, q) at fixed ω and q, and thus the retarded Green's functionD R (ω, q). The spectral function of the axial-vector meson can be obtained by its definition as
We calculate the thermal spectral function of the axial-vector meson ρ a (ω, q = 0) for four different temperatures at µ = 0. The numerical results are shown in the upper panel of Fig. 7 , where we can see that the axial-vector meson states represented by the peaks in ρ a (ω, q = 0) melt gradually with the increase of T , and eventually the last peak of the ground state of the axial-vector meson disappears at about T ∼ 110 MeV. We also find that the locations of the peaks shift towards smaller values of ω with the increase of T , as in the vector case. We plot ρ a (ω, 0) for four different chemical potentials with a fixed temperature (T = 20 MeV) in the lower panel of Fig. 7 . We see that the axial-vector meson states melt gradually with the increase of µ, which resembles qualitatively the temperature-dependence of ρ a (ω, 0) in the µ = 0 case, which is shown in the upper panel of Fig. 7 .
As in the vector case, we can also transform Eq. (24) into the Schrödinger form:ã − U a (z)ã = 0 with the field redefinition A n (z) = e (Φ−A)/2 f −1/2ã (z), and the potential function U a (z) takes the form
We plot in Fig. 8 the curves of U a (z) for the axial-vector meson with ω = 1310 MeV and q = 0 for four different temperatures at µ = 0. We can see that U a (z) will lose its convexity with the increase of T and become monotonic at some critical temperature T c . By the same monotonicity analysis as that in the vector case, we know that there will be no bound state of the axial-vector meson when T > T c . Thus the critical temperature T c can also be defined as the in-medium melting temperature of the axial-vector meson state. We find that T c for the axial-vector meson is larger than that for the vector meson which is shown in Fig. 6 . 
V. SUMMARY AND CONCLUSIONS
In this work, we give a further study on the improved soft-wall AdS/QCD model with two flavors which is proposed in Ref. [77] . The chiral transition behaviors, along with the in-medium meson melting properties, in the case of finite chemical potential have been investigated. We find that the chiral transition with the variation of µ has the similar behaviors to that with the variation of T , i.e., in the chiral limit, it is a second-order phase transition, while in the case of nonzero quark mass it becomes a crossover transition. The µ − T phase diagram has been obtained by extracting the critical temperature T χ from the chiral transitions in the chiral limit. We find that the transition curve in the µ − T plane decreases too slowly when µ is large enough, which indicates that the improved soft-wall model cannot be applied in the large µ region.
We also investigated the varying tendencies of the thermal spectral functions of the vector and axial-vector mesons at different temperatures and chemical potentials. As expected, with the increase of µ or T , the peaks in the spectral function disappear gradually with a small mass decrease of the meson states. Furthermore, we looked into the meson melting properties in terms of the potential functions of the Schrödinger-type equations of the mesons. The melting temperature at which the meson states disappear was extracted by the monotonic condition of the potential function, and the µ − T diagram was obtained for the vector case. We find that the melting temperature at µ = 0 in the improved soft-wall model is too small to match with the deconfining or chiral transition temperatures indicated by lattice QCD, which seems to be a common defect for the soft-wall AdS/QCD models [20, 79] .
It has been shown in Ref. [77] that the improved soft-wall model can give a quantitative description on the light meson spectra and the chiral transition at zero chemical potential. However, we find here that the descriptions on the meson melting properties and the chiral transition behaviors at finite chemical potential are only qualitative. Moreover, this model should be invalid at large enough µ. There may be multiple reasons for the inadequate descriptions by the improved soft-wall model on the low-energy phenomenologies with finite µ. Basically, the AdS/CFT correspondence without string-loop corrections is unable to provide a complete characterization on the low-energy QCD. Nevertheless, the most urgent issue in our case may be that we need to construct a more consistent AdS/QCD model by putting the background part and the flavor part on the same footing. Previous studies have shown that the QCD equation of state and many other thermodynamical quantities can be mimicked by an Einstein-dilaton system or an Einstein-Maxwell-dilaton system in the finite µ case [50] [51] [52] [53] [54] [55] [56] [57] [58] . Thus, we shall consider such an dynamical background system in order to give a more realistic description for the chiral transition and the in-medium properties of hadrons.
